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Abstract—In this paper, we propose novel closed-form lower and upper
bound expressions on coverage probability of repulsive wireless networks
modeled by Matern hard-core process type II (MHCP-II). The derived
mathematical expressions are matched well with simulation results espe-
cially when the hard-core distance, §, of MHCP-II model is larger than the
communication distance between transmitter and receiver, R. It is worth
noting that the case that § > R is very important in practical repulsive
wireless networks. We also propose a novel closed-form expression on cov-
erage probability of in-homogeneous Poisson point process model in order
to approximate the coverage probability of repulsive wireless networks
when § < R. Through extensive computer simulations, we validate that
the proposed mathematical analysis matches well with simulation results
in various system parameters. To the best of our knowledge, the proposed
closed-form expressions are the first mathematically tractable and effective
theoretical results in the literature.

Index Terms—Coverage probability, Matérn hard-core process, Poisson
point process, repulsive wireless networks, stochastic geometry.

1. INTRODUCTION

Stochastic geometry (SG) framework has received much interest
due to its excellence in characterizing large-scale system-level per-
formances of wireless networks [1]. Recently, the SG framework was
exploited to mathematically analyze various emerging wireless net-
works such as intelligent reflection surface (IRS)-assisted networks [2],
beyond 5G cellular networks [3], and low-earth-orbit (LEO) satellite
communication networks [4]. Poisson point process (PPP) has been
widely used to model the spatial distribution of communication nodes
in wireless networks, where the nodes are assumed to be distributed
independently to each other over communication area. In practical
wireless networks, however, there exists a repulsive characteristics
among communication nodes especially in CSMA ad hoc networks,
heterogeneous cellular networks, or vehicular networks, which is mod-
eled by hard-core point process models in general [5]. Matern hard-core
process (MHCP) is one of the most useful mathematical models to
capture such a repulsive characteristics in wireless networks [6], [7].
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There exist two popular MHCP models in the literature, called MHCP
type I and II, where both MHCP models are derived by applying a
dependent thinning rule to a parent PPP model. MHCP type I (MHCP-I)
eliminates all pairs of points within a certain pairwise (i.e., hard-core)
distance §, while in MHCP type II (MHCP-II) each node has a random
associated mark and a node is eliminated only if there exists another
node having a smaller mark within the distance. In particular, MHCP-II
has been actively investigated since it captures well the repulsive
characteristics of wireless networks, and thus we focus on MHCP-II
in this paper.

In order to characterize the spatial correlation of MHCP-II model,
it is required to obtain a mathematically tractable and closed-form
pair correlation function (PCF) among points. However, mathematical
analysis of wireless networks modeled by the MHCP is very challeng-
ing, and thus many studies only derive approximations on the mean
or the moment generating function of interference. For instance, the
mean interference in MHCP-II model was mathematically investigated
with the lower bounded PCFs [8]. More accurate analysis of the
mean interference in MHCP-II model was proposed by approximating
the PCF with affine functions, but the accuracy of analytical results
becomes deteriorated as the hard-core distance increases [9]. Recently,
the interference characteristics of MHCP-II model was mathematically
derived in terms of variance, covariance, and correlation even though
their final expressions still involve multiple integrals [10]. In [11], a
lower bound on coverage probability of MHCP-II model was derived,
but the lower bound still involves integrals, which is not a closed-form
expression. Due to mathematical intractability, the coverage probability
of repulsive wireless networks modeled by MHCP-II was obtained with
multiple integrals so far [12].

On the other hand, the in-homogeneous PPP approximation was con-
sidered to characterize aggregate interference in MHCP-II model [5],
[8], where it is assumed that there exist no communication nodes
within hard-core region and nodes are distributed according to PPP
outside the hard-core region. It is worth noting that there is no closed-
form expression for coverage probability even if the approximated
in-homogeneous PPP model is adopted instead of MHCP-II model.
Thus, many studies adopted the homogeneous PPP model with the same
node intensity as a simpler PPP approximation to derive closed-form
coverage probability, but it does not match well with exact simulation
results in general. Furthermore, the interference dynamics of MHCP-II
model is significantly different from the PPP approximation models as
discussed in [10].

In this paper, we propose closed-form lower and upper bounds on the
coverage probability of wireless networks based on MHCP-II model,
which are mathematically tractable. To the best of our knowledge,
it is the first theoretical result in the literature. We show that the
bounds proposed in this paper are quite tight especially when the
communication range is smaller than the hard-core distance through
computer simulations. We propose another closed-form (approxima-
tion) mathematical expression on the coverage probability for MHCP-II
model by regarding the MHCP-II model as in-homogeneous PPP
model. Our in-homogeneous PPP approximation expression provides a
quite accurate estimate of the coverage probability when the hard-core
distance is similar to or smaller than the communication distance.

The rest of this paper is organized as follows. We describe the con-
sidered system model in Section II, and we mathematically analyze the
coverage probability of MHCP-II model in Section III. In Section IV,
we validate our analytical results via extensive computer simulations
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TABLE I
MATHEMATICAL NOTATIONS AND DESCRIPTIONS
Notation l Description
o, Stationary PPP with intensity A,
P Stationary MHCP-II with intensity A
R Communication distance
1) Hard-core distance
P, Transmit power
h Small scale fading channel
«a Path-loss exponent
I Received aggregate il}terference
at typical receiver
Noise power
0 SINR threshold
500

250

® |nterferering BS
® Home-cell BS
X Typical receiver (MS)

— Cell boundary
N Border of hard-core region
500 - - - Other-cell interference
-500 250 500
X (meter)
Fig. 1. Downlink cellular network as a representative example of MHCP-II
model.

with numerical examples. Finally, conclusions are drawn in Section V.
We summarize mathematical notations that will be used in this paper
in Table I.

II. SYSTEM MODEL

All transmitting nodes are first distributed according to a stationary
PPP, &, = {x, s, ...}, with intensity A, on R?, and each transmitter
x; is associated with a random mark uniformly distributed over (0,1).
According to MHCP-II model, any transmitter cannot transmit signals
if there exists another transmitter within the hard-core distance § except
for the transmitter with the smallest mark. Fig. 1 illustrates the Voronoi
diagram of cellular downlink networks as an representative example of
MHCP-II model, where base stations (BSs) are distributed according to
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MHCP-II model with hard-core distance ¢. The blue point indicates the
home-cell BS and red points indicate other-cell BSs. The distance from
the home-cell BS to a typical receiver is denoted by R, which tends
to be smaller than the hard-core distance, i.e., R < ¢ as illustrated in
Fig. 1. In particular, R becomes much smaller than §, R < J, as the
typical receiver is located in the cell-center.

The resultant intensity of MHCP-II model becomes A =
Copms?
%[13]. For a given distance between arbitrary two points r,

we consider the PCF g(r) for MHCP model, which is obtained by
normalizing the second-order product density p(> (1) by A2 as follows:
(2
p(r

r) = )\2( ) . (1)
The term p® (r) represents the mean value of the number of all point
pairs that are separated by a distance . For MHCP-II model, p® (r) =

) - . S

)»Pk(r), wl}ere k(r) Qenotes the probability that a point pair with the
distance 7 is retained in ®,, as follows [8]:

2‘/15(7') (1 - eikpm;z) — 2762 (l — e*?an(s(r))
- 227282V (r) (Va(r) — 70%) )

where V;(r) denotes an area of union of two circles with radius ¢ at
two points separated by a distance r and is given by

Vs(r) = 2m8* — 26% arccos (%) + % 3)
where 0 < r < 28. For r > 26, p®(r) = A? and g(r) = 1 since the
union area does not have intersection. For 0 < r < §, in contrast, two
points become repulsive to each other, g(r) = 0.

We assume that the typical receiver is located at the center point o
and its corresponding transmitter x, € ¢ is assumed to be exist at a
distance R from the typical receiver. Then, the desired signal power at
the typical receiver is given by P,h, R, where P; denotes a transmit
power from the transmitter, h, denotes the Rayleigh fading channel
gain, i.e., h, ~ exp(l), and a denotes the path-loss exponent. The
aggregate interference at the typical receiver is given by

L= Phlzl™,

zie®\{zo}

k(r)

(@)

462 — 2,

C)

where h denotes the Rayleigh fading channel gain, i.e., h ~ exp(1)
and |z;| denotes the distance from the origin to the i-th interferer. The
signal-to-interference-plus-noise ratio (SINR) at the typical receiver is
given by
PhoR™

I,+n
where 7 denotes the noise power at the typical receiver.

SINR = (5)

III. COVERAGE PROBABILITY ANALYSIS

In this section, we mathematically analyze the coverage probability
of MHCP-II model. The coverage probability is defined as the proba-
bility that the SINR is greater than a certain threshold 6. Without loss
of generality we assume that the transmit power is unity, i.e., P, = 1.
Then, the coverage probability of typical receiver is given by

hoR™
P.=Pr{SINR>0} =P ° >05. 6
rsnR> o) e {0k ©
The coverage probability can be rewritten by [1]
hoR™ _
P >0y =P *>0(I
Y{IOM > } r{ho B > 0 (L, + )}
=Pr{h, > (I, +n)0R*}
=e MRE, [—el ] ()
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Let s = 6 R*. With Campbell’s theorem the second term in (7) is given
by [1]

Ly, (s)= E [675]0]

o

>l

z;€P\{o}

H E, (6fshuxiu,a)

z;e®\{o}

= exp {f /OOC 2 (1 —En [e’s}“ra]) rkg(r)dr} , (8)

where g(r) denotes the PCF of MHCP-II model.

In the following two subsections, closed-form mathematical expres-
sions on coverage probability are derived by using mathematically
tractable PCF bounds, which yield high accuracy especially in the
relatively large hard-core distance regime. Then, a novel closed-form
approximation of coverage probability is derived by regarding the
MHCP-II model as an in-homogeneous PPP model for the relatively
short hard-core distance regime.

=Eq |exp| —s

=Eqe

A. Closed-Form Lower Bound

Theorem 1 (Lower Bound): Let v = 121 /(87 4 3+/3). The lower
bound of the coverage probability of MHCP-II model is given by

ijaéz—a

2-32)

OR> 5> { 1
1

Vempu-z

o 1 _
P, = e MR exp |:— A {ﬁ + (14+60R%6") 2}

—2mA(v +(1+ 0R“6"“)_2}

OR>§?

Proof: For deriving the lower bound for the coverage probability,
we first try to obtain a mathematically tractable upper bound of the PCF
g(r), which is denoted by h (7). In order for h(r) to operate as an upper
bound of the PCF g(r), it needs to satisfy the following conditions:
1) its slope for r in [§,26) is greater than 5% if h(5) = v and 2)
lim, ., h(r) = 17 since g(r) =1 for r > 24. Based on the above
two conditions and similar to [9], we propose a novel upper bound of
PCF as follows:

(v—=1)4

r

h(r) = 1. (10)
Applying h(r) instead of g(r) to analyze the coverage probability, a

lower bound of (8) £ (s) is obtained by

Lr,(s) = Ly, (s)

o

— exp {_/:0(1 _E, [e*W’“]) 2mrA (@ + 1) dr}.

(1)

We can reverse the order of integrals in (11) as f{f E [ f(x,y)dx=
E,| fab f(z,y)dx] if variables = and y are independent and @ and b
are constant or infinity. In order to solve an integral form as |, ;0(1 -

exp(—shr=*))Ci4qr9dr for L; (s) where g € {0, 1}, we consider the

6887

following relationship:

CH—q/ (1 - e"s'”’w) ridr
s

shé™ @
(sh) ]ﬁq/ et R dt — (1 - e—shé"’) 51+Q]
0

g 1+ q —shs=o) 51
(sh) ™~ (1 " shd~ ) (1 —e )5 +q:| ,
12)

where ¢ < 7~ *sh and y(a, z) denotes the lower incomplete gamma
function y(a, z) = ) t* e tdt.

Letp = 1 + ¢ and then the expectation of (12) for the channel fading
h is expressed as follows:

E, [<l+q /Oo (1 - eiShT?EX) rqdr}

C”Eh [(sh)% ( g,shé’a) - (1 - e*sh“) 5?}
_ %S%Eh [nEy (1= 2 snae)] - %5315 (13)

Unfortunately, itis hard to directly obtain a closed-form of the expec-
tation term in (13). Hence, we exploit bounds of the lower incomplete
gamma function as follows [14]:

a ax a
—e ot <y(a,z) <

u < < m(l—i—ae_m).

(14)

Note that the condition of a lower bound of Ly, (s) is equivalent to the
condition of an upper bound of (13). Then, the first term in (13) has the
upper bound as following:

%S%Eh [hgw(l — g,shd"’)]
< %s%/jh*(li}“j )" {1+( ) *Sha"“}e*hdh
_ é‘si j) {1 _1£ (1 +56“’)‘2}. (15)

The values of ¢, becomes equal to 27 (v — 1) and 274 when p = 1
and p = 2, respectively.

Finally, we obtain the lower bound (9) from the above equations (7),
(11), (13), and (15). |

B. Closed-Form Upper Bound

Theorem 2 (Upper Bound): The upper bound of the coverage prob-
ability of MHCP-II model is given by

— o GRS (v —2)0R*6 ) ?
— o MOR _
P.=ce exp[ F)»(l_%) {1+ ) }
OR*5?
wki&l ToR~ | (16)

Proof: A lower bound of the PCF can be simply provided by
assuming g(r) = 1 for » > 4. Then, the upper bound of (8), Lr(s),
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is given by

Lr,(s) <Ly, (s)

— exp {— /5 h (1 —E, [e*””’”] ) 2mdr}

a 2 2 2
@ exp {—TF)»SE]E;L {h%'y(l — —7sh6"l>] + A 078 },
! 0%+ s

a7

where (a) is derived from the case of p = 2 in (13).

In contrast to the derivation of the lower bound of coverage proba-
bility, the lower bound of lower incomplete gamma function in (14)
is exploited for the upper bound of coverage probability. Then the
expectation term in (17) is as following:

2 2
S%Eh [h57<1 - —, shé’“)]
o
o Cay1-2 7(17é)sh,5*a
23%/ h%(shé )2 6427%
0 (1-3)

52—04 0 _ (a=2)s6~
Ea— / he "R g,
(1=2)Jo

s L+
)

Finally, we obtain the upper bound of coverage probability in (16)

from the equations (7), (17), and (18).

e "dh

a2
(—2)sd } . (18)

200 — 2

C. Closed-Form PPP Approximations

As noted before, many studies have adopted PPP approximations
to mathematically characterize the coverage probability of MHCP-II
model. The simplest PPP approximation is to use the homogeneous
PPP model with the same node density as MHCP-II model, where the
closed-form coverage probability is given by [1]

PPPP — o~ 10R% ey, {—mr (1 - %) F(l + 2)9%1%2} . (19

Another PPP approximation method is to use in-homogeneous PPP
model for obtaining the coverage probability of MHCP-II model [5],
[8]. Unfortunately, there exists no closed-form expression of the cov-
erage probability in in-homogeneous PPP model as well. Thus, in this
paper, we propose a novel closed-form (lower-bound) expression on
coverage probability of in-homogeneous PPP model. Then, we can use
the following theorem as a closed-form approximation expression for
the coverage probability of MHCP-II model since the in-homogeneous
PPP approximation works well.

Theorem 3 (In-homogeneous PPP Approximation): The coverage
probability of in-homogeneous PPP is lower-bounded as

PIFPP > PP = exp {—mr <1 - %) F(l - %) 0% RZ}

5?0R* )

0% + OR 0)

L OR®
x e MR exp <7rk

Proof: With (7), we analyze the coverage probability of the in-
homogeneous PPP model as follows

PIPPP — OB o py (), @
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Hard-core distance, § (meter)

Fig. 2. Coverage probability of MHCP-II model for varying the hard-core
distance, 6.

where L, ., (s) denotes the Laplace transform of integrated interfer-
ence in the in-homogeneous PPP model with intensity A and hard-core
distance 6. By (17), the Laplace transform is rewritten as follow:

L1y, ppp ()

exp {—/OO (1 —E, [eiShriuD ZWT)LdT}
5
En [h%zy(l - % shé’a)] 4 A &fzj s}

®) 2 2 2
> exp {7%)\5%1_‘(1 — —)F(l + 7)} exp<7r)»£> , (22)
« « 6%+ s

where (b) is derived by a lower bound of lower incomplete gamma
function, y(a, z) < I'(a). Substituting s = R~ and (22) into (21), we
obtain the lower bound of coverage probability including the (19) in
the in-homogeneous PPP model. |

o

exp {—’/T)LS

D. System Optimization Via Analytical Results

Monte-Carlo simulations for large-scaling wireless network with
stochastic geometry typically require significantly high computational
complexity and time consumption. In order to estimate the performance
of repulsive networks, a large amount of computation is required
because the distance correlation between points needs be additionally
considered and it is not efficient to execute simulations for many
situations to set parameters for given performance requirements as well.
The proposed closed-form mathematical expressions enable to exactly
estimate a large-scale network performance like coverage probability,
which can help a system designer to optimize the repulsive wireless
networks with a computationally efficient manner.

IV. NUMERICAL EXAMPLES

We assume that R = 100m, P, = 1 W, and o = 3 for all sim-
ulations in this section. The noise spectral density and the system
bandwidth are set to —174 dBm/Hz and 10 MHz, respectively. We
consider 70 km x 70 km square area for whole network. Fig. 2 shows
the coverage probability of MHCP-II model for varying the hard-core
distance, 6 when 6 = 5dB and A = 1.7685/km*. We maintain the
resultant node intensity by adjusting both 1, and ¢ in this figure [13]. We
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Fig.3. Coverage probability of MHCP-II model for varying the node intensity,
Ap.(a) 6 = R.(b) 0 =2R.

denote the hard-core distance by comparing it with the communication
distance for better understanding. When 6 > 2R, the proposed upper
and lower bounds match quite well with the simulation results. On the
other hand, the proposed closed-form in-homogeneous PPP approxi-
mation matches well when § < 2R. Thus, we can estimate the coverage
probability of repulsive wireless networks quite exactly by using three
theorems proposed in this paper according to ¢.

Fig. 3 shows the coverage probability of MHCP-II model for varying
the node intensity, A,,, when § = R, 2R and § = 5dB. As expected,
the coverage probability decreases as the node density increases. Fur-
thermore, the coverage probability with larger hard-core distance is
better than the coverage probability with smaller hard-core distance
for a given node density. As shown in the figure, the proposed lower
and upper bounds are very tight to each other and match well with
the simulation result when & = 2R regardless of node intensity. When
0 = R, the proposed upper and lower bounds become loose as the node
intensity increases while the proposed closed-form in-homogeneous
PPP approximation well estimates the coverage probability of MHCP-II
model regardless of node intensity.

Fig. 4 shows the coverage probability of MHCP-II model according
to the SINR threshold when 4, = 2/km” and § = R, 2R. The coverage
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Fig. 4. Coverage probability of MHCP-II model for varying the SINR thresh-
old, 0. (a) § = R.(b) § = 2R.

probability decreases as the SINR increases and a larger hard-core dis-
tance results in better coverage probability for a given SINR threshold.
The proposed lower and upper bounds are very tight to each other and
match well with the simulation result when § = 2 R regardless of SINR
threshold. When 6 = R, the proposed closed-form in-homogeneous
PPP approximation matches well with the simulation result regardless
of SINR threshold.

We can optimize the hard-core distance for a given coverage proba-
bility in various system parameters by using the proposed mathematical
results. Table II compares the minimum required hard-core distance
derived from our analytical results with the exact minimum required
hard-core distance obtained from the time-consuming Monte-Carlo
simulations. The target coverage probabilities are set to 0.85, 0.90,
and 0.95, while the node intensity varies are assumed to be 1, 1.2, and
1.5. After observing extensive numerical examples including figures in
this paper, for determining the minimum required hard-core distance,
we propose to use the median value among the proposed lower bound,
upper bound, and in-homogeneous PPP approximation in equations (9),
(16), and (20), respectively. As shown in Table II, the proposed math-
ematical analyses estimate a quite exact minimum required hard-core
distance to guarantee target coverage probabilities compared with the
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TABLE II
MINIMUM REQUIRED HARD-CORE DISTANCE FOR GIVEN COVERAGE
PROBABILITIES

Target Coverage Probability
0.9

A

0.95

Simul.‘Analysis Simul. | Analysis | Simul. | Analysis

1 1I9m| 19m (164 m| 203 m |382 m| 382 m
1.2 {|101 m| 116 m |200 m| 210 m [461 m| 461 m
1.5 ||156 m| 198 m |271 m| 273 m |579 m| 579 m

simulation results. It is worth noting that a system designer can estimate
the exact network performance and optimize system parameters without
time-consuming and high-complexity network simulations by using the
proposed mathematical analyses.

V. CONCLUSION

In this paper, we proposed three novel closed-form mathematical
expressions to analyze the coverage probability of Matérn hard-core
process type Il model-based repulsive wireless networks: lower-bound,
upper-bound, and in-homogeneous Poisson point process (PPP)-based
approximation. The lower and upper bounds estimate the cover-
age probability of repulsive wireless networks very accurately when
the hard-core distance is larger than the communication distance, while
the in-homogeneous PPP approximation expression provides a quite ac-
curate estimate of the coverage probability when the hard-core distance
is similar to or smaller than the communication distance. Therefore,
we can exactly predict the coverage probability of repulsive wireless
networks with the proposed expressions according to the hard-core
distance.
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